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Abstract: In the Kelinian groups, the study of the algebraic convergence of the sequence of the discrete
subgroups is a very important topic, since the algebraic convergence of the sequence of the discrete subgroups can be applied to study the deformations the manifolds and the Hausdorff dimension of the limit
sets of the discrete subgroups. With the rapid developments of the p-adic Lie groups and the algebraic
dynamical systems, it is very important to study the topics of algebraic convergence of the p-adic discrete subgroups. In this paper, we discuss the algebraic convergence of a sequence {Gn,r } of r-generator
non-elementary discretesubgroups of PSL(2, Qp ) by use of the Jorgensen inequalities in PSL(2, Qp )
and the subgroups of PSL(2, Qp ) acting isometrically on the hyperbolic Berkovich space. We prove
that a sequence {Gn,r } of r-generator non-elementary discretesubgroups of PSL(2, Qp ) converges to a
non-elementary discrete subgroup of PSL(2, Qp ) algebraically.
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1 Introduction
Let Cp be the completion of the algebraic closure of Qp , where Qp is the field of p-adic rational numbers.
For Cp , the projective space P1 (Cp ) = Cp ∪ {∞} is totally disconnected and not locally compact. The Berkovich
projective space P1Ber is a compact augmentation of P1 (Cp ) and is also a uniquely path-connected Hausdorff space
which contains P1 (Cp ) as its dense subset. By Berkovich’s classification theorem, points of P1Ber \P1 (Cp ) correspond
to discs D(a, r) ⊂ Cp , or to nested sequences of discs. The point ζG corresponding to D(0, 1) is called the Gauss
point. The element in the projective special linear group PSL(2, Cp ) is called the p-adic Möbius map. The action
of the p-adic Möbius map on P1 (Cp ) continuously extends to an isometrical map on the hyperbolic Berkovich space
HBer = P1Ber \ P1 (Cp ). For the foundation, see [1–3], more details can be found in section 2.
Consider a sequence of subgroups {Gn,i } generated by r p-adic Möbius maps, say gn,1 , · · · , gn,r . If for each
k ∈ {1, · · · , r}, the sequence gn,k converges to a p-adic Möbius maps gk then one says that {Gn,i } converges
algebraically to the group G generated by g1 , · · · , gr , or G is the algebraic limit of the sequence {Gn,i }.
There are many discussions of algebraic convergence of Kleinian groups; see [4–6]. With the development of
studying the arithmetical dynamics, it is an important topic in the theory of p-adic Möbius maps in non-archimedean
spaces (see [3, 7–11]). However, it is also an open question in the arithmetical settings to study the algebraic
convergence of discrete subgroups of PSL(2, Qp ). Hence we give a clear picture of it.
Theorem 1

Let the sequence of non-elementary discrete groups {Gn } of r−generators converges to the group

G. Then the group G is also non-elementary discrete.

2 Some basic facts
Let p > 2 be a prime number. Let Qp be the field of p-adic numbers and Cp be the completion of the algebraic
closure of Qp . Denote |C∗p | the valuation group of Cp . Then every element r ∈ |C∗p | can be expressed as r = ps with
s ∈ Q. The absolute value satisfies the strong triangle inequality
|z − y| 6 max{|z|, |y|}
for x, y ∈ Cp . If x, y and z are points of Cp with |x − y| < |x − z|, then |x − z| = |y − z|.
Given a ∈ Cp , and r > 0, the open and closed disks with center at a with radius r are defined by
D(a, r)− = {z ∈ Cp | |z − a| < r},
D(a, r) = {z ∈ Cp | |z − a| 6 r}.
However, by the strong triangle inequality, topologically D(a, r)− and D(a, r) are closed and open, and every
point in disk D(a, r)− is the center. This implies that if x ∈ D(a, r)− , then D(a, r)− = D(x, r)− (resp. D(a, r) =
D(x, r)). if two disks D1 and D2 in Cp have non-empty intersection, then D1 ⊂ D2 , or D2 ⊂ D1 . For a set E ⊂ Cp ,
denote diam(E) = sup |z −w| the diameter of E in the non-Archimedean metric. Especially, diam(D(a, r)) = r.
z,w∈E

Let P1 (Cp ) be the projective space over Cp which can be viewed as P1 (Cp ) = Cp ∪ {∞}. The chordal distance
on P1 (Cp ) can be defined by
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|z − w|


,
for z, w ∈ Cp


max{1,
|z|}
max{1, |w|}

1
ρv (z, w) =
.
,
for w ∈ Cp and z = ∞


max{1, |w|}



0,
for w = ∞ and z = ∞
By the definition of the chordal distance and the strong triangle inequality, it is easy to show that if |z| 6
|z − w|
1, |w| 6 1, then ρv (z, w) = |z − w|, and if |z| > 1, |w| 6 1, then ρv (z, w) =
= 1, and if |z| > 1, |w| > 1,
|z|
|z − w|
1
1
then ρv (z, w) =
=
−
.
|z||w|
z w
In [8], Kato introduced the method that was used in Kleinian groups to study the discrete subgroups of PSL(2, Cp ).
He classified non-unit elements g in PSL(2, Cp ) into the following three classes:
(a) g is said to be parabolic if it has only one eigenvalue.
(b) g is said to be elliptic if it has two distinct eigenvalues λ1 and λ2 with |λ1 | = |λ2 | .
(c) g is said to be hyperbolic if it has two eigenvalues λ1 and λ2 with |λ1 | =
6 |λ2 |.
For g = (aij ) in the matrix ring M(m, Qp ), the norm of g is defined by kgk =

max

16i6m,16j6m

{|aij |}. Obviously,

kgk = 0 implies that each aij = 0. It is easy to verify that
kαgk = |α|kgk, kg + hk 6 max{kgk, khk}, and kghk 6 kgkkhk.
We say that a subgroup G of SL(m, Qp ) is discrete if there exists δ = δ(G) > 0 such that each element
g ∈ G \ {I} satisfies kg − Ik > δ, where I denotes the unit element.
Obviously, a subgroup G of SL(2, Qp ) is discrete if and only if any sequence consisting of distinct elements
gn ∈ G is not a Cauchy sequence. Since kh−1 gn h−h−1 ghk 6 kh−1 kkgn −gkkhk, we have kh−1 gn h−h−1 ghk −→
0, when gn −→ g, as n −→ ∞. This means that conjugation does not change the discreteness.
We say that G is elementary if there exists a finite G−orbit in P1Ber , and G acts discontinuously on HBer if
for any sequence {gn }, the sequence {gn (x)} has no convergent subsequence in HBer for any point x ∈ HBer with
respect to the Berkovich topology.
Lemma 1 [3]

If a discrete subgroup G of PSL(2, Cp ) is elementary, then either G is conjugate to a subgroup of

PSL(2, Cp ), every element of which leaves {0, ∞} invariant and is therefore of the form z −→ az s , a 6= 0, s2 = 1,
or each element in G shares the same fixed point in HBer .
Lemma 2 [8]

Let G be a discrete subgroup of SL(m, Qp ). Then

(1) there is no parabolic element in G;
(2) there is no elliptic element of infinite order in G.
Lemma 3 [12]

The subgroup G of SL(m, Qp ) is discrete if and only if any cyclic subgroup of G is discrete.

Lemma 4 [11]

If a discrete subgroup G of SL(2, Qp ) contains elliptic elements only, then G is a finite group.

Lemma 5

[12]

2

If a subgroup G of SL(2, Cp ) is discrete, then for each g ∈ G \ {I}, kg − Ik > p− p−1 .

3 Algebraic convergence of non-elementary discrete subgroups
Lemma 6

Let


g=

a
c




b
λ 0
, h=
∈ PSL(2, Qp )
d
0 λ
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with gh = hg −1 . Then g commutate with h.
Proof Since


gh =

aλ
cλ




b/λ
dλ
−bλ
, hg −1 =
∈ PSL(2, Qp ),
−c/λ a/λ
d/λ

we see that either λ2 = −1, namely h = −z, or if λ2 6= ±1, we have b = c = 0, a = d namely g(z) = I. Hence g
commutate with h.
1

Proof [Proof of the Theorem 1.] Since each Gn is discrete, we see that for any I 6= g ∈ Gn , kg − Ik > p− p−1 .
2

If the sequence gn ∈ Gn converges to g ∈ G, by ultrametric properties, we know that kg − Ik > p− p−1 . Hence by
Theorem 4, we see that G is discrete.
We claim that G is non-elementary. Suppose that G is elementary. By Theorem 1, either G is conjugate to a
subgroup of PSL(2, Cp ), every element of which leaves {0, ∞} invariant and is therefore of the form z −→ az s ,
a 6= 0, s2 = 1, or G contains elliptic elements only.
If G contains elliptic elements only, then G is finite. Since each Gn is of r−generators and infinite, there exist
two sequence {hn,1 } and {hn,2 } converging to the same element h, namely hn,1 ◦ h−1
n,2 tending to I. By ultrametric
properties, we see that hn,1 = hn,2 , since Gn is discrete. This implies that G is infinite, namely G contains a
loxodromic element at least.
If G contains elements leaving two points invariant, letting H be the union of all the finite extensions of Qp of
degree 2. Then each element in G is of the form z −→ a2 z s , 0 6= a ∈ H, s2 = 1.
First case, let


gn,1 =

an,1
cn,1



bn,1
an,2
, gn,2 =
dn,1
cn,2

bn,2
dn,2


∈ SL(2, Qp )

tend to A2 z and B 2 z. Since

−1 −1
[gn,1 , gn,2 ] = gn,1 gn,2 gn,1
gn,2 =

an,1 an,2 dn,1 dn,2 + o(1)
o(1)


o(1)
,
an,1 an,2 dn,1 dn,2 + o(1)

we see that [gn,1 , gn,2 ] tends to I. Since Gn is discrete, we know that gn,1 commutate with gn,2 .
Second case, let


gn,1 =

an,1
cn,1



bn,1
an,2
, gn,2 =
dn,1
cn,2

bn,2
dn,2


∈ SL(2, Qp )

tend to A2 /z and B 2 /z. Since

−1 −1
[gn,1 , gn,2 ] = gn,1 gn,2 gn,1
gn,2 =

bn,1 cn,1 bn,2 cn,2 + o(1)
o(1)


o(1)
,
bn,1 cn,1 bn,2 cn,2 + o(1)

we see that [gn,1 , gn,2 ] tends to I. Since Gn is discrete, we know that gn,1 commutate with gn,2 .
The last case, let


gn,1 =

an,1
cn,1



bn,1
an,2
, gn,2 =
dn,1
cn,2

bn,2
dn,2


∈ SL(2, Qp )

tend to A2 z and B 2 /z. Since

[gn,1 , gn,2 ] =

−1 −1
gn,1 gn,2 gn,1
gn,2

=

−a2n,1 bn,2 cn,2 + o(1)
o(1)


o(1)
,
−d2n,2 bn,2 cn,2 + o(1)

−2
we see that [gn,1 , gn,2 ] tends to A4 I. Since Gn is discrete, we know that [gn,1 , gn,2 ]gn,1
= I, namely gn,1 gn,2 =
−1
gn,2 gn,1
. By Lemma 6, we see that gn,1 commutate with gn,2 .
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In the end, since gn,1 and gn,2 are chosen arbitrarily, we see that each generator commutate with each other
which implies that Gn is an elementary group. This is a contradiction.
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Jørgensen T. On discrete groups of Möbius transformations [J]. Amer J Math, 1976, 98:739-749.

[5]

Jørgensen T, Klein P. Algebraic convergence of finitely generated Kleinian groups [J]. Quart J Math Oxford, 1982,
33(2):325-332.

[6]

Yang S H. Algebraic convergence of finitely generated Kleinian groups in all dimensions [J]. Linear Algebra and Its
Applications, 2010, 432(5):1147-1151.

[7]

Armitage J V, Parker J R. Jørgensen’s inequality for non-archimedean metric spaces [J]. Geometry and Dynamics of Groups
and Spaces, 2008, 265:97-111.

[8]

Kato F. Non-archimedean orbifolds covered by Mumford curves [J]. Journal of Algebraic Geometry, 2005, 14:1-34.

[9]

Qiu W Y, Wang Y F, Yang J H, et al. On metric properties of limit sets of contractive analytic non-Archimedean dynamical
systems [J]. J Math Anal Appl, 2014, 414:386-401.

[10]

Wang Y F, Yang J H. The pointwise convergence of the p-adic Möbius maps [J]. Sci China Math, 2014, 57(1):1-8.
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