Vol.46, No.3

Journal of Shanghai Normal University (Natural Sciences)

Jun., 2017

DOI:10.3969/J.ISSN.100-5137.2017.03.011

Some new observations for a stage-structured
predator–prey model
Li Wei, Li Xianyi∗
(Department of Big Data Science, College of Science, Zhejiang University of Science and Technology, Hangzhou 310023,
China)

Abstract: A 3D stage–structured predator–prey model, whose necessary and sufficient conditions for
the permanence of two species and the extinction of one species or two species were previously obtained,
is revisited in this paper. By using the center manifold theorem, we show that the nonnegative equilibrium point of this system is also locally asymptotically stable in the critical case a = b + ce. Our main
new discovery is that the parameter d in this model irrelevant to finite dynamical behaviors of this system
plays a role in the dynamical behaviors at infinity of this system. More specially, by using the Poincaré
compactication in R3 we make a global analysis for this model, including the complete description of
its dynamic behavior on the sphere at infinity. Combining analytical and numerical techniques we show
that for the parameters satisfying a 6 b and 0 < d < 1, the system presents two infinite heteroclinic
orbits.
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1 Introduction
It is known to all that the predator–prey models have been extensively studied by many researchers[1−10] in recent years, whose permanence (or strong persistence) and extinction are important contents of investigations. Almost
all animals have the stage structure of immature and mature in real biological world. So the related models with stage
structure are more closely aligned with the objective facts. Recently, those papers[11−13] studied the stage structure
of species with or without time delays. Most of them considered the finite behaviors for those models. However, the
dynamical behaviors at infinity of those models are not known at all. One has now seen that the dynamics at infinity
of a given model is an interesting and important topic[14−20] , especially with the biological meanings of a biological
system. Therefore, in this paper, our step goes on toward this orientation- the dynamics at infinity of a given model.
Our main work is to make a global analysis for the following stage-structured predator–prey model

 ẋ = ay − bx − cx2 − dxz,
ẏ = x − y,

ż = z(−e + x − z),

(1)

5

which is presented in [21], and where the parameters (a, b, c, d, e) ∈ R+ are all positive real numbers due to their
biological meanings.
Although the authors in [21] did not give the detailed conditions for the existence of equilibrium of system (1),
one can easily derive the following proposition.
Proposition 1

5

For the parameters (a, b, c, d, e) ∈ R+ , system (1) has always the equilibrium point O(0, 0, 0).

Furthermore, one has:
(1) If a 6 b, then the origin O is the unique equilibrium point of system (1);
(2) If b < a 6 b + ce, then system (1) has two equilibria. Namely, besides the origin O there is a non-negative
a − b a − b 
equilibrium E1
,
,0 ;
c
c
(3) If a > b + ce, then system (1) has three equilibria, i.e., except the origin O and the non-negative equilibrium
 a − b + de a − b + de a − b − ce 
,
,
E1 , there is also a positive equilibrium E2
.
c+d
c+d
c+d
Some dynamics of three equilibria have been considered in [21] and the local dynamics of the three equilibria
are first presented. For the non-negative equilibrium E1 , the result is:
a − b a − b 
Result 1 [21]
E1
,
, 0 is a saddle with dimW u (E1 )
c
c
a > b + ce; E1 is globally asymptotically stable for b < a < b + ce.

=

1, dimW s (E1 )

=

2 for

How about the local stability of equilibrium E1 in the critical case a = b + ce ? This has not been answered
yet in the known literature. So, in the sequel, we will first solve this problem by using the center manifold theorem.
Although the global stability of equilibrium E1 in the critical case a = b + ce is solved by using Lyapunov function
and LaSalle theorem, our method is different from the one used in [21]. So, our method may be also regarded as a
complementary method.
For the global dynamics of the three equilibria, some results are obtained as follows.
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If a > b + ce, then the positive equilibrium E2 of system (1) is globally asymptotically stable.

If b < a < b + ce, then the non-negative equilibrium E1 of system (1) is globally asymptotically stable. If a 6 b,
then the origin O of system (1) is globally asymptotically stable.
The numerical simulations performed also confirm these theoretical results, for example, see Fig. 1.

Figure 1 Phase portrait of system (1) with the same initial value (x0 , y0 , z0 ) = (2.618, 1.382, 0.382) and the parameters
satisfying: (a) a > b + ce, (b) b < a 6 b + ce, (c) a 6 b

By careful observations, one finds that, the above Result 2 for the global dynamics of system (1) is only related
to its parameters a, b, c and e, not the parameter d. That is to say, the parameter d has nothing to do with the global
stability of this system. Then, what role does the parameter d play in the dynamics of system (1)? Because system
(1) is derived from a real biological model by a dimensionless change, the parameter d, if returned to its original
system, corresponds to some biological factors. Since it is related to biological factors, it must affect something of
the population. Therefore, a natural question 88 Has system (1) been explored thoroughly?00 comes out in our mind. It
seems that the answer is not obvious. But one can easily find that Result 2 is only concerned with its finite dynamical
behaviors. That is to say, its dynamics at infinity has not been investigated yet. So, one naturally conjectures: The
parameter d effects the behaviors at infinity of system (1). Indeed, it is proved in the sequel that the conjecture is
true.
The system (1) can be extended to an analytic system on a closed ball of radius one, whose interior is diffeomorphic to R3 and whose invariant boundary, by the extended flow, is a 2-dimensional sphere S2 and plays the role of
the infinity. The technique for making such an extension is precisely the Poincaré compactification and is described
in detail in Section 3. It will be used here for studying the dynamics of system (1) in a neighborhood of infinity and
on the sphere at infinity.
Our main results in this paper are summarized in the following two theorems.
5
Theorem 1 For the parameters (a, b, c, d, e) ∈ R+ , for the infinite equilibria at coordinate axes of system
(1), we have the following conclusions:
1. The two equilibria in the positive and negative endpoints of the x–axis are two unstable nodes.
2. The two equilibria in the positive and negative endpoints of the y–axis are two centers.
Furthermore, the following statements hold:
(i) If 0 < d < 1, the two equilibria in the positive and negative endpoints of the z–axis are two saddle–nodes,
s
u
there still are infinitely many saddle–node points with a 1D Wloc
and a 2D Wloc
respectively.
(ii) If d > 1, the two non-hyperbolic equilibria in the positive and negative endpoints of the z–axis are all
s
u
unstable with a 1D Wloc
and a 2D Wloc
, too.
For the phase portrait of system (1) on the sphere at infinity, see Fig. 2.
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Figure 2 Phase portrait of system (1) at infinity

Theorem 2 For the parameters satisfying 0 < d < 1 and a 6 b, system (1) has two infinite heteroclinic
orbits; one consists of the origin, the positive portion of the z–axis and of one equilibrium on the sphere at infinity
(the endpoint of the positive z–axis), and the other consists of the origin, the negative part of the z–axis and one
equilibrium on the sphere at infinity (the endpoint of the negative z–axis), See Fig. 3.

Figure 3 Infinite heteroclinic orbits of system (1) for 0 < d < 1 and a 6 b (The boundary of the disks corresponds to the
points at infinity in the y–z plane, see Fig. 2.)

The rest of this paper is organized as follows: in Section 2, we show that equilibrium E1 is locally stable in the
critical case a = b + ce. In Section 3 we present the Poincaré compactification for a polynomial vector field in R3
which will allow us in Section 4 to provide a complete description of system (1) dynamics at infinity and partially
near infinity. From the results stated in the fourth section it follows statements of Theorems 1–2. A conclusion is
drawn in Section 5.

426

J. Shanghai Normal Univ. (Nat. Sci.)

Jun. 2017

2 Local stability of equilibrium E1 in the critical case a = b + ce
For the local stability of equilibrium E1 in the critical case a = b + ce, one has the following results.
Theorem 3 The equilibrium E1 of the system (1) is locally asymptotically stable in the critical case a = b+ce.
Proof In the critical case a = b + ce, E1 reduces to E1 (e, e, 0). Take the change x1 = x − e, x2 = y − e, x3 =
z − 0, which transforms the system (1) into

 ẋ1 = ax2 − (b + 2ce)x1 − edx3 − cx21 − dx1 x3 ,
ẋ2 = x1 − x2 ,
(2)

ẋ3 = x3 (x1 − x3 ),
and E1 to the origin O. The corresponding Jacobian matrix is


−b − 2ce a −de

1
−1
0 
0
0
0
with an eigenvalue 0. So, O is then a center. According to the center manifold theory, the stability of O can be
determined by studying a first-order ordinary differential equation on a center manifold, which can be represented as
a graph for the variable x3 as follows



|x3 | < δ,
 x1

c
Wloc
(O) =  x2  x1 = h1 (x3 ), h1 (0) = 0,


x2 = h2 (x3 ), h2 (0) = 0
x3
with δ sufficiently small.
Assume that x1 = h1 (x3 ) = a0 x3 + a1 x23 + O(x33 ) and x2 = h2 (x3 ) = b0 x3 + b1 x23 + O(x33 ). Then, the center
manifold must satisfy
h01 (x3 )x3 (x1 − x3 ) = ax2 − (b + 2ce)x1 − edx3 − cx21 − dx1 x3 ,
h02 (x3 )x3 (x1 − x3 ) = x1 − x2 .
From this, one obtains that
d
d(c + d)(b + ce + 1 − c) 2
x3 + O(x33 )
h1 (x3 ) = − x3 +
c
c3 e
and

d
d(c + d)(b + 2ce + 1 − c) 2
h2 (x3 ) = − x3 −
x3 + O(x33 ).
c
c3 e
Hence, the vector field is reduced to the center manifold
x˙3 = −

c+d 2
x3 + O(x33 ).
c

(3)

By the known assumption c > 0 and d > 0, it follows from (3) that x3 → 0 for t → +∞. Thus, (x1 x2 , x3 ) in the
system (2) tends to (0, 0, 0) when t → +∞. This imples that the origin O of the system (2) is asymptotically stable
and thus the equilibrium E1 of the system (1) is locally asymptotically stable.

3 Poincaré compactification in R3
A polynomial vector field X in Rn can be extended to a unique analytic vector field on the sphere Sn . The
technique for making such an extension is called the Poincaré compactification and allows us to study a polynomial
vector field in a neighborhood of infinity, which corresponds to the equator Sn−1 of the sphere Sn . Poincaré introduced this compactification for polynomial vector fields in R2 . Its extension to Rn for n > 2 can be found in [20].
We here describe the Poincaré compactification for polynomial vector fields in R3 following closely[20] .
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In R3 we consider the polynomial differential system
ẋ = P 1 (x, y, z),

ẏ = P 2 (x, y, z),

ż = P 3 (x, y, z),

or equivalently its associated polynomial vector field X = (P 1 , P 2 , P 3 ). The degree n of X is defined as n =
max{deg(P i ) : i = 1, 2, 3}.
Let S3 = {y = (y1 , y2 , y3 , y4 ) ∈ R4 : kyk = 1} be the unit sphere in R4 , and S+ = {y ∈ S3 : y4 > 0} and
S− = {y ∈ S3 : y4 < 0} be the northern and southern hemispheres of S3 , respectively. The tangent space to S3 at
the point y is denoted by Ty S3 . Then the tangent plane
T(0,0,0,1) S3 = {(x1 , x2 , x3 , 1) ∈ R4 : (x1 , x2 , x3 ) ∈ R3 }
is identified with R3 .
We consider the central projections f+ : R3 = T(0,0,0,1) S3 → S+ and f− : R3 = T(0,0,0,1) S3 → S− defined by
1
f± (x) = ±(x1 , x2 , x3 , 1)/∆x, where ∆x = (1 + Σ3i=1 x2i ) 2 . Through these central projections R3 is identified with
the northern and southern hemispheres. The equator of S3 is S2 = {y ∈ S3 : y4 = 0}. Clearly S2 can be identified
with the infinity of R3 .
The maps f+ and f− define two copies of X on S3 , one Df+ ◦X in the northern hemisphere and the other Df− ◦X
in the southern one. Denote by X̄ the vector field on S3 \S2 = S+ ∪S− ,which, restricted to S+ coincides with Df+ ◦X
and restricted to S− coincides with Df− ◦ X.
The expression for X(y) on S+ ∪ S− is


1 − y12 −y2 y1 −y3 y1
 1 


P
 −y1 y2 1 − y22 −y3 y2 


P2 ,
X(y) = y4 
 −y1 y3 −y2 y3 1 − y32 


P3
−y1 y4 −y2 y4 −y3 y4
where Pi = Pi (y1 /|y4 |, y2 /|y4 |, y3 /|y4 |). Written in this way X(y) is a vector field in R4 tangent to the sphere S3 .
Now we can analytically extend the vector field X(y) to the whole sphere S3 by considering p(X)(y)
= y4n−1 X(y) , where n is the degree of X. This extended vector field p(X) is called the Poincaré compactification of
X on R3 .
As S3 is a differentiable manifold, in order to compute the expression for p(X) we can consider the eight local
charts (Ui , Fi ), (Vi , Gi ), where Ui = {y ∈ S3 : yi > 0} and Vi = {y ∈ S3 : yi < 0} for i = 1, 2, 3, 4 are
the inverses of the central projections from the origin to the tangent planes at the points (±1, 0, 0, 0), (0, ±1, 0, 0),
(0, 0, ±1, 0) and (0, 0, 0, ±1), respectively. Now we do the computations on U1 . Suppose that the origin (0, 0, 0, 0),
the point (y1 , y2 , y3 , y4 ) ∈ S3 and the point (1, z1 , z2 , z3 ) in the tangent plane to S3 at (1, 0, 0, 0) are collinear. Then
we have 1/y1 = z1 /y2 = z2 /y3 = z3 /y4 , and consequently F1 (y) = (y2 /y1 , y3 /y1 , y4 /y1 ) = (z1 , z2 , z3 ) defines
the coordinates on U1 . As


−y2 /y12 1/y1
0
0


2
DF1 (y) = 
0
1/y1
0 
 −y3 /y1

2
−y4 /y1
0
0
1/y1
and y4n−1 = (z3 /∆z)n−1 , the analytical vector field p(X) becomes
z3n
(−z1 P1 + P2 , −z2 P1 + P3 , −z3 P1 ),
(∆z)n−1
where Pi = Pi (1/z3 , z1 /z3 , z2 /z3 ).
In a similar way we can deduce the expressions of p(X) in U2 and U3 . These are
z3n
(−z1 P2 + P1 , −z2 P2 + P3 , −z3 P2 ),
(∆z)n−1
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where Pi = Pi (z1 /z3 , 1/z3 , z2 /z3 ) in U2 , and
z3n
(−z1 P3 + P1 , −z2 P3 + P2 , −z3 P3 ),
(∆z)n−1
where Pi = Pi (z1 /z3 , z2 /z3 , 1/z3 ) in U3 .
The expression for p(X) in U4 is z3n+1 (P1 , P2 , P3 ) where Pi = Pi (z1 , z2 , z3 ). The expression for p(X) in the
local chart Vi is the same as in Ui multiplied by (−1)n−1 .
When we work with the expression of the compactified vector field p(X) in the local charts we shall omit the
factor 1/(∆z)n−1 . We can do that through a rescaling of the time variable.
Next we shall work with the orthogonal projection of p(X) from the closed northern hemisphere to y4 = 0, and
we continue denoting this projected vector field by p(X). Note that the projection of the closed northern hemisphere
is a closed ball B of radius one, whose interior is diffeomorphic to R3 and whose boundary S2 corresponds to the
infinity of R3 . Of course p(X) is defined in the whole closed ball B in such a way that the flow on the boundary
is invariant. This new vector field on B will be called the Poincaré compactification of X, and B will be called the
Poincaré ball.
Remark 1 All the points on the invariant sphere S2 at infinity in the coordinates of any local chart Ui and Vi
have z3 = 0. Also, the points in the interior of the Poincaré ball, which is diffeomorphic to R3 , are given in the local
charts U1 , U2 and U3 by z3 > 0 and in the local charts V1 , V2 and V3 by z3 < 0.

4 Dynamical behavior of system (1) at infinity
In this section, we shall make an analysis of the flow of system (1) near and at infinity.
This section is divided into three subsections: in Subsection 4.1 we study the dynamics of system (1) near
infinity; in Subsection 4.2, we consider the dynamics of system (1) at infinity and consequently prove Theorem 1.
Based on the knowledge of the dynamical behavior near and at infinity, in Subsection 4.3 we prove Theorem 2.
4.1 Dynamical behavior of system (1) near infinity
In this subsection we shall analyze the flow of system (1) near and at infinity. In order to do so, in the following three subsections, we shall analyze the Poincaré compactification of system (1) in the local charts Ui and Vi ,
i = 1, 2, 3.
4.1.1 In the local charts U1 and V1
According to the method in Section 3, the expression of the Poincaré compactification p(X) of system (1) in
the local chart U1 is given by

z˙1



z˙2



z˙3

= −az12 z3 + (b − 1)z1 z3 + z3 + cz1 + dz1 z2 ,
= −az1 z2 z3 + (b − e)z2 z3 + (d − 1)z22 + (c + 1)z2 ,
=

−az1 z32

+

bz32

(4)

+ cz3 + dz2 z3 .

Taking z3 = 0 (which corresponds to the points on the sphere S2 at infinity), system (4) is reduced to the system
as follows
(
z˙1 = z1 (c + dz2 ),
(5)
z˙2 = z2 [(d − 1)z2 + (c + 1)].
Since d > 0, we may consider two cases: (i) d = 1, (ii) d 6= 1.
(i) If d = 1, then system (4) has a unique equilibrium point I0 (0, 0, 0), and the corresponding three eigenvalues
are λ1,3 = c and λ2 = c + 1. Hence, I0 is an unstable node because c > 0.
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 1+c 
(ii) If d 6= 1, then I1 0,
, 0 is the other equilibrium point of system (4) in addition to I0 . The three
1−d
c+d
eigenvalues of the linear part of system (4) at I1 are λ1,3 =
and λ2 = −(c + 1). Therefore, one can see that
1−d
I1 is a saddle-node for 0 < d < 1, and a stable node for d > 1.
The flow in the local chart V1 is the same as the flow in the local chart U1 , because the compactified vector field
p(X) in V1 coincides with the vector field p(X) in U1 multiplied by (−1)n−1 , where n = 2 is the degree of system
(1) (for details see Section 3). Therefore, the above analysis holds for the flow in the local chart V1 .
4.1.2 In the local charts U2 and V2
Again using the method in Section 3 we have the expression of the Poincaré compactification p(X) of system
(4) in the local chart U2 as follows

2
2

 z˙1 = −z1 z3 + (1 − b)z1 z3 + az3 − cz1 − dz1 z2 ,

z˙2 = −z1 z2 z3 + (1 − e)z2 z3 + z1 z2 − z22 ,
(6)



z˙3 = −z1 z32 + z32 .
Notice z3 = 0 implies that system (6) has a unique equilibrium point I0 with three null eigenvalues. Let us try
to understand the flow near the equilibrium. From the compactification procedure described in Section 3 we know
that the z1 z2 –plane is invariant under the flow of system (6), so we can completely describe the dynamics on the
sphere at infinity. In fact, for z3 = 0 system (6) restricted to the z1 z2 –plane is given by
(
z˙1 = −z1 (cz1 + dz2 ) =: f1 (z1 , z2 ),
(7)
z˙2 = z2 (z1 − z2 ) =: f2 (z1 , z2 ).
The following result may be derived.
Proposition 2 The unique equilibrium point (0, 0) of system (7) is stable.
p
f1 (z1 , z2 )
f2 (z1 , z2 )
Proof Denote r = z12 + z22 . Then lim
= 0 = lim
. So, according to Theorem 4.1 on
r→0
r→0
r
r
page 91 of [22], the equilibrium point (0, 0) of system (7) is stable.
The flow in the local chart V2 is exactly the same as the flow in the local chart U2 , because the compactified
vector field p(X) in V2 coincides with the vector field p(X) in U2 multiplied by (−1)n−1 , where n = 2 is the degree
of system (1).
4.1.3 In the local charts U3 and V3
The expression of the Poincaré compactification p(X) of system (1) in the local chart U3 has the form

2

 z˙1 = (e − b)z1 z3 + az2 z3 − (1 + c)z1 + (1 − d)z1 ,

z˙2 = (e − 1)z2 z3 + z1 z3 − z1 z2 + z2 ,
(8)



z˙3 = ez32 − z1 z3 + z3 .
For z3 = 0, system (8) becomes the following system
(
z˙1 = z1 [(1 − d) − (1 + c)z1 ],
z˙2

= z2 (1 − z1 ).

(9)

Similar to the case for U1 in 4.1.1, we consider two cases: (i) d = 1, (ii) d 6= 1.
(i) If d = 1, then I0 is a unique equilibrium point of system (8) with three eigenvalues λ1 = 0 and λ2,3 = 1. So
c
u
I0 is a non-hyperbolic equilibrium point with a 1D Wloc
and a 2D Wloc
. Further, it remains to analyze the dynamics
c
of system (8) for z3 > 0 small in the 1D Wloc related to I0 . This is done in the next proposition.
c
Proposition 3 When d = 1, I0 is stable along its 1D Wloc
.
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Proof It follows from λ1 = 0 that system (8) associated to the singular point I0 has a 1D center manifold. It is
the graph of a function h : R → R2 given by (z2 , z3 ) = h(z1 ) = (h1 (z1 ), h2 (z1 )) satisfying the conditions
h(0) = (0, 0),

Dh(0) = (0, 0)

(10)

z˙3 − Dh2 (z1 )z˙1 = 0.

(11)

and
z˙2 − Dh1 (z1 )z˙1 = 0,

The flow on this center manifold is governed by the following one dimensional equation
z˙1 = (e − b)z1 h2 (z1 ) + ah1 (z1 )h2 (z1 ) − (1 + c)z12 .
To understand the flow on this manifold we expand h in Taylor series around z1 = 0 and obtain
h1 (z1 ) =

∞
X
i=2

ai z1i

and h2 (z1 ) =

∞
X

bi z1i ,

i=2

where we have used (10). The use of the condition (11) and the expressions for z˙1 and z˙2 in system (8) produces
ai = bi = 0 for all i > 2, i.e.,
h1 (z1 ) = 0 and h2 (z1 ) = 0.
And so the flow on this manifold is governed by the equation z˙1 = −(1 + c)z12 , which implies that I0 is locally stable
along its center manifold because z1 > 0 in the local chart U3 and c > 0.
1 − d

, 0, 0 is the other equilibrium point of system (8) except I0 . Its corresponding three
(ii) If d 6= 1, I2
1+c
c+d
eigenvalues are λ1 = d − 1 and λ2,3 =
. Therefore, I2 is a saddle-node if 0 < d < 1, whereas it is an unstable
1+c
node if d > 1. At this time, the eigenvalues associated I0 are λ1 = 1 − d and λ2,3 = 1. So I0 is a saddle-node if
d > 1, but an unstable node if 0 < d < 1.
The flow in the local chart V3 is the same as the flow in the local chart U3 by reversing the time. So by the same
type of analysis as stated above, using z3 < 0 near the infinity in the local chart V3 (see Remark 1), we get the
same result.
4.2 Dynamics of system (1) on the sphere at infinity
Putting together the analysis formulated in the previous subsections one has a global picture of the dynamical
behavior of system (1) on the sphere at infinity. The system (1) has two unstable node in the positive and negative
u
s
endpoints of the x–axis and two unstable centers with 1D Wloc
and 2D Wloc
in the positive and negative endpoints
of the y–axis. Further, when 0 < d < 1, system (1) has two equilibria in the positive and negative endpoints of the
s
u
z–axis, which are two saddle–nodes; there are also infinitely many saddle–node points with a 1D Wloc
and a 2D Wloc
respectively; when d > 1, system (1) has the two non-hyperbolic equilibria in the positive and negative endpoints of
s
u
the z–axis, both unstable with a 1D Wloc
and a 2D Wloc
, See Fig.1. This displays Theorem 1.
We observe that the description of the complete phase portrait of system (1) on the sphere at infinity is possible
because of the invariance of this set under the flow of the compactifield system.
4.3 Infinite heteroclinic orbit
For a 6 b and 0 < d < 1, the complex dynamical behavior of O(0, 0, 0) has been discussed in [21]. It is
easy to check that the z–axis is invariant under the flow of system (1), and it follows from the calculations above
that the origin is asymptotically stable along this axis. Moreover, the equilibria at the endpoints of the z–axis on the
sphere at infinity, which coincide with the origin I0 in the local charts U3 and V3 , are unstable (see Subsection 4.1.3).
Thus system (1) has two infinite heteroclinic orbits as in [14, 17], one of them consisting of the origin O(0, 0, 0),
the positive portion of the z–axis and of one equilibrium on the sphere at infinity (the endpoint of the positive z–
axis); the other one consists of the origin, the negative part of the z–axis and of the endpoint of the negative z–axis.
Particularly, they are shown in Fig.1 and Fig.2.
These discussions finish the proof of Theorem 2.
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5 Conclusion
In this paper, after the local stability of equilibrium point E1 of a stage-structured predator–prey model is
formulated in the critical case a = b + ce, a global analysis at infinity of this model is mathematically presented,
including a complete description of the phase portrait on the Poincaré sphere at infinity. This mathematical analysis
leads to two new discoveries:
(1) The parameter d in this model having no effect on finite dynamical behaviors of this system bears on the
dynamical behaviors at infinity of this system;
(2) There exist two infinite heteroclinic orbits in this model.
It is hoped that the investigations of this paper will be beneficial for further studies for similar stage-structured
predator–prey models, especially with biological significance.
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